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On axially symmetrial solitons in Abelian-Higgs
models
C G Doudoulakis
Department of Physis and Institute of Plasma Physis, University of Crete;
Heraklion, Crete, Greee
Abstrat
A numerial searh for bosoni superonduting stati vortex rings in a
U(1)A×U(1)W model is presented. The fate of these rings without urrent,
is to shrink due to their tension until extintion. The superondutivity
of the loop does not seem to prevent shrinking. Current quenhing takes
plae before stabilization.
1 Introdution
In a series of papers [1, 2℄ lassially stable, metastable quasi-topologial do-
main walls and strings in simple topologially trivial models, as well as in the
two-higgs Standard Model (2HSM) were studied. They are loal minima of the
energy funtional and an quantum mehanially tunnel to the vauum, not be-
ing proteted by an absolutely onserved quantum number. In [3℄ a searh for
spherially symmetri partile like solitons in the 2HSM with a simplied higgs
potential was performed without suess. Although the existene of spherially
symmetri partile-like solitons in the 2HSM has not been ruled out, we shall
here look, instead, for axially symmetri solutions in a similar system.
Consider a model with superonduting strings [2, 4℄. Take a piee of suh
string, lose it to form a donut-shaped loop and let urrent in it. A magneti
eld due to the superurrent will be passing through the hole of the donut (g.1).
The energy of the loop has, a term proportional to the length of the string and
will tend to shrink the radius of the donut to zero and the ring to extintion.
However, another fore opposes this tendeny. Namely, as the loop shrinks, the
magneti eld lines are squeezed in the hole, sine, due to the Meissner eet,
they annot leave the loop. They are trapped inside the hole of the donut, oppose
further shrinking and might even stabilize the string.
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Figure 1: A x − y prole of the superonduting ring (left) as well as a y − z prole
(right) where one an view how the mehanism we propose, against shrinking, works.
This, as well as other arguments [7℄ are inspiring but not onlusive. The
magneti eld will not be trapped inside the loop if the penetration depth of the
superondutor is larger than the thikness of the ring. Also, one the magneti
eld gets strong it an destroy superondutivity and penetrate [11℄. Further,
there is a maximum urrent a superondutor an support (urrent quenhing).
This sets a limit on the magneti eld one an have through the loop, and this
may not be enough to stabilize it. Thus, the above approah may work at best in a
ertain region of the parameter spae, depending also on the defet harateristis
[2℄. The purpose of this work is to apply the above straightforward idea to searh
for string loops [13℄-[22℄ in a U(1) × U(1) gauge model and to determine the
parameter spae, if any, for their existene and stability. Another interesting
subjet is to have a rotating ring. The rotation is another extra fator whih
ould help the ring to stabilize. This work was done with suess both analytially
and numerially on [6℄ where vortons are exhibited. Another reent example of
rotating superonduting eletroweak strings an be found on [8℄, while for a
review on eletroweak strings, the reader should also hek [9℄. Finally, a work
on stati lassial vortex rings in SU(2) non-abelian Yang-Mills-Higgs model an
be found on [10℄.
2 The model
The Lagrangian desribing our system is:
L = −1
4
F 2µν −
1
4
W 2µν + |Dµψ|2 + |D˜µφ|2 − U(|φ|, |ψ|) (1)
2
where the ovariant derivatives are Dµψ ≡ ∂µψ + ieAµψ, D˜µφ ≡ ∂µφ + iqWµφ,
the strength of the elds are Fµν = ∂µAν − ∂νAµ, Wµν = ∂µWν − ∂νWµ, while e
and q stand as the relevant U(1) harges. We hoose the potential U
U(|φ|, |ψ|) = g1
4
(|φ|2 − v21)2 + g24 (|ψ|2 − v22)2 + g32 |φ|2|ψ|2 − g24 v42 (2)
The vauum of this theory is |φ| = v1 6= 0, |ψ| = 0 and breaks U(1)W ×U(1)A →
U(1)A, giving non-zero mass to W . The photon eld stays massless. There,
U(v1, 0) = 0. The vauum manifoldM in this theory is a irle S1 and the rst
homotopy group of M is π1(M) = π1(S1) = Z whih signals the existene of
strings. In regions where |φ| = 0, the eld |ψ| is arranged to be non-vanishing
and U(1)W × U(1)A → U(1)W . Thus, U(1)A → 1 and one may generate an
eletri urrent owing along regions with vanishing |φ|. Hene, this theory has
superonduting strings [4℄. The vauum of the theory leaves unbroken the ele-
tromagneti U(1)A. For g3v
2
1 > g2v
2
2 this vauum is stable, while g1v
4
1 > g2v
4
2
ensures that it is the global minimum of the potential. The mass spetrum is
mA = 0, mW = qv1, m
2
φ = g1v
2
1 , m
2
ψ =
1
2
(
g3v
2
1 − g2v22
)
(3)
3 The U(1)A×U(1)W model: Searh of superonduting vortex rings
Congurations with torus-like shape, representing a piee of a U(1)W → 1
Nielsen-Olesen string [12℄, losed to form a loop, are of interest in this searh.
Thus, we will require φ to vanish on a irle of radius a (the torus radius)
φ(ρ = a, z = 0) = 0. At innity (ρ → ∞, z → ∞), we have the vauum of
the theory. This translates to |φ| → v1, |ψ| → 0. The ansatz for the elds is:
φ(ρ, ϕ, z) = F (ρ, z)eiMΘ(ρ,z)
ψ(ρ, ϕ, z) = P (ρ, z)eiNϕ
A(ρ, ϕ, z) =
Aϕ(ρ, z)
ρ
ϕˆ
W(ρ, ϕ, z) = Wρ(ρ, z) ρˆ+Wz(ρ, z) zˆ
where M , N are the winding numbers of the relevant elds and ρˆ, ϕˆ, zˆ are the
ylindrial unit vetors. We use ylindrial oordinates (t, ρ, ϕ, z), with spae-
time metri gµν = diag(1,−1,−ρ2,−1). We dene Θ(ρ, z) = arctan(z/(ρ − a)).
We work in the A0 = 0 = W 0 gauge. Espeially for the gauge elds, we suppose
the above form based on the following reasonable thoughts: The W-eld is the
one related to the formation of the string thus, it exists in the onstant-ϕ plane.
This means that in general its non-vanishing omponents will beWρ andWz. The
A-eld is the one produed by the superurrent owing inside the toroidal objet.
The urrent is in the ϕˆ diretion thus, we in general expet the non-vanishing
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Figure 2: A wider view of the Mexian hat potential (eq.5) for (g1, g2, u) = (10, 8, 1).
omponent to be Aϕ. Finally, as it onerns the amplitude of all the elds, we
expet that it is independent of ϕ due to the axial symmetry of torus.
With the above ansatz, the energy funtional to be minimized takes the
form:
E = 2πv1
∫ ∞
0
ρdρ
∫ ∞
−∞
dz
[
1
2ρ2
(
(∂ρAϕ)
2 + (∂zAϕ)
2
)
+
+ (∂ρP )
2 + (∂zP )
2 +
P 2
ρ2
(eAϕ +N)
2 +
+ (∂ρF )
2 + (∂zF )
2 +
1
2
(∂ρWz − ∂zWρ)2 +
+
(
(qWρ +M∂ρΘ)
2 + (qWz +M∂zΘ)
2
)
F 2 + U(F, P )
]
(4)
and the potential U (g.2) an be written as follows:
U(F, P ) =
g1
4
(
F 2 − 1)2 + g2
4
(
P 2 − u2)2 + g3
2
F 2P 2 − g2
4
u4 (5)
where u ≡ v2/v1. This is the energy funtional we use for our omputations. The
onditions to be satised by the parameters beome:
g1 > g2u
4 , g3 > g2u
2
(6)
The gauge elds A, W have magneti elds of the following form:
∇×A = BA = 1
ρ
(
∂Aϕ
∂ρ
zˆ − ∂Aϕ
∂z
ρˆ
)
∇×W = BW = −
(
∂Wz
∂ρ
− ∂Wρ
∂z
)
ϕˆ
4
The eld equations follow:
∂2ρF + ∂
2
zF +
∂ρF
ρ
− g1
2
(
F 2 − 1
)
F − g3
2
P 2F −[(
qWρ −M zcos
2Θ
(ρ− a)2
)2
+
(
qWz +M
cos2Θ
(ρ− a)
)2]
F = 0
∂2ρP + ∂
2
zP +
∂ρP
ρ
−
(
eAϕ +N
)2 P
ρ2
− g2
2
(
P 2 − u2
)
P − g3
2
F 2P = 0
∂2ρAϕ + ∂
2
zAϕ −
∂ρAϕ
ρ
− 2eP 2
(
eAϕ +N
)
= 0
∂2zWρ − ∂z∂ρWz − 2qF 2
(
qWρ −M zcos
2Θ
(ρ− a)2
)
= 0
∂2ρWz +
1
ρ
(
∂ρWz − ∂zWρ
)
− ∂ρ∂zWρ − 2qF 2
(
qWz +M
cos2Θ
(ρ− a)
)
= 0
We an also write down the urrents assoiated with φ eld, namely jφρ and
jφz and the total urrent Iφ out of these as well as the superurrent Iψ assoiated
with the ψ eld. These are
Iφ =
√
(jφρ )2 + (j
φ
z )2 , Iψ = −2eP
2
ρ
(eAϕ +N) (7)
where
jφρ = −2qF 2(qWρ +M∂ρΘ), jφz = −2qF 2(qWz +M∂zΘ) (8)
As explained in the introdution, Meissner eet is of ruial importane
for the stability of the torus-like objet. The magneti elds produed by the
superurrent Iψ penetrate into the toroidal defet in a distane ditated by the
penetration depth. In this theory, the U(1)A symmetry breaks inside the string
and the photon aquires mass m2
A
= e2 < P >2 where < P > is the expetation
value of the harge ondensate in the viinity of the string ore. There is the
superonduting setor of the defet. The penetration depth is λ = 1
mA
= 1
e<P>
.
But < P >= Pmax ≤ u thus, one an have an estimate for λ, with a lower bound
for its value. This is λ ≥ 1
eu
where the equality holds when Pmax = u. On the
other hand, one an also ompute an upper bound for the thikness of the defet.
We know that rφ =
1
mφ
= 1√
g1
. If our onern is to searh for stable rings, a
reasonable step is to demand the penetration depth to be smaller than the string
thikness whih means
λ < rφ ⇒ 1
ePmax
<
1√
g1
⇒ e2P 2max > g1 (9)
This is the ondition needed in this ase. From the above ondition, we get the
diagram shown in g.3 where one an see the area where it's more possible to nd
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Figure 3: For dierent values of
√
g1, we plot the lower bound over whih the ondition
(9) is satised. The plot is Pmax vs. e and we plot the funtion Pmax =
√
g1
e .
stable solutions if they exist. The numerial results we present later, are what
we found while searhing inside this region.
A way to derive virial relations is through Derrik's theorem. The virial
relation for the eld φ of our model, must have the onstraint φκ(ρ = a, z) =
φ(ρ = a, κz) = 0. Consider the resalings ρ → ρ, z → κz, Fκ → F , Pκ → P ,
Aϕκ → Aϕ, Wρ,zκ → κWρ,z. Then, we nd the minimum through the relation
∂E
∂κ
= 0 when κ = 1. The virial relations we use in our model, in order to hek
our numerial results follow. If we dene
I1 = 2πv1
∫ ∞
0
ρdρ
∫ ∞
−∞
dz
[
1
2
(∂ρWz − ∂zWρ)2 + 1
2ρ2
(∂zAϕ)
2 + (∂zP )
2 + (∂zF )
2 +
+ 2F 2
(
qWρ(qWρ +M∂ρΘ) + (qWz +M∂zΘ)
2
)]
I2 = −2πv1
∫ ∞
0
ρdρ
∫ ∞
−∞
dz
[
1
2ρ2
(∂ρAϕ)
2 + (∂ρF )
2 + (∂ρP )
2 +
P 2
ρ2
(eAϕ +N)
2 +
+ (∂zWρ)(∂ρWz − ∂zWρ) + F 2
(
(qWρ +M∂ρΘ)
2 + (qWz +M∂zΘ)
2
)
+
+
g1
4
(F 2 − 1)2 + g2
4
(P 2 − u2)2 + g3
2
F 2P 2 − g2
4
u4
]
we must have I1+I2 = 0. We dene the index V =
||I1|−|I2||
|I1|+|I2| and we want its value
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to be as small as possible. We an derive many other virial relations by assuming
generally for a eld φ, the double resaling φ(~x)→ κφ(µ~x) and then demanding
∂E
∂κ
|κ=1=µ = 0 = ∂E∂µ |κ=1=µ. For example, onsider the following resalings ρ→ ρ,
z → µz, Fκ → F , Pκ → κP , Aϕκ → Aϕ, Wρ,zκ →Wρ,z. We have
I3 = 2πv1
∫ ∞
0
ρdρ
∫ ∞
−∞
dz
[
1
2ρ2
(∂zAϕ)
2 + (∂zP )
2 + (∂zF )
2 +
+ 2F 2
(
M∂zΘ(qWz +M∂zΘ)
)
+
1
2
(∂ρWz − ∂zWρ)2
]
I4 = −2πv1
∫ ∞
0
ρdρ
∫ ∞
−∞
dz
[
1
2ρ2
(∂ρAϕ)
2 + (∂ρP )
2 + (∂ρF )
2 +
P 2
ρ2
(eAϕ +N)
2 +
+ ∂ρWz(∂ρWz − ∂zWρ) + F 2
(
(qWρ +M∂ρΘ)
2 + (qWz +M∂zΘ)
2
)
+
+
g1
4
(F 2 − 1)2 + g2
4
(P 2 − u2)2 + g3
2
F 2P 2 − g2
4
u4
]
together with
I5 = 2πv1
∫ ∞
0
ρdρ
∫ ∞
−∞
dz
[
2(∂ρP )
2 + 2(∂zP )
2 +
2P 2
ρ2
(eAϕ +N)
2
]
I6 = 2πv1
∫ ∞
0
ρdρ
∫ ∞
−∞
dz
[
g2
(
P 2 − u2
)
P 2 + g3F
2P 2
]
where, as above, we must have I3 + I4 = 0 = I5 + I6.
3.1 Numerial results
Energy minimization algorithm is used to minimize the energy funtional of (4).
The algorithm is written in C. One an nd details about the algorithm on page
425 of [5℄ but, briey, the basi idea is this: Given an appropriate initial guess,
there are several orretions to it, having as a riterion the minimization of the
energy in every step. When the orretions on the value of the energy are smaller
than ∼ 10−8 the program stops and we get the nal results. A 90×20 grid for
every of the ve funtions is used, that is, 90 points on ρ-axis and 20 on z. Here,
we begin with xed torus radius a. Then, the onguration with minimum energy
for this a is found. Other values of a are hosen as well and the same proess
goes on until we plot the energy vs. the torus radius E(a). It would be very
interesting to nd a non-trivial minimum of the energy (on amin 6= 0), whih
would orrespond to stable toroidal defets with radius amin.
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The initial guess (g.4) we use for our omputation is:
F (ρ, z) = tanh((ρ− a)2 + z2)M/2
P (ρ, z) = tanh(ρN)(1− tanh((ρ− a)2 + z2)
Aϕ(ρ, z) = −N
e
tanh
(
ξρ2
((ρ− a)2 + z2)2
)
Wρ(ρ, z) =
Mz cos2Θ
q(ρ− a)2
(
(ρ− a)2 + z2
(ρ− a)2 + z2 + (a2/4)
)2
Wz(ρ, z) = −M cos
2Θ
q(ρ− a)
(
(ρ− a)2 + z2
(ρ− a)2 + z2 + (a2/4)
)
where ξ a onstant. This initial guess also satises the appropriate asymptotis
• near ρ = 0:
F 6= 0, P ∼ ρN , Aϕ ∼ ρ2f(z) (10)
• near (ρ = a, z = 0):
F ∼ ρ˜M/2, Wρ = 0 = Wz (11)
• at innity:
F ∼ 1−O(e−
√
ρ˜), P ∼ O(e−
√
ρ2+z2)
Wρ ∼ −M
q
∂ρΘ|∞ +O(e−
√
ρ˜), Wz ∼ −M
q
∂zΘ|∞ +O(e−
√
ρ˜) (12)
where ρ˜ ≡ (ρ− a)2 + z2.
For xed torus radius (i.e. here a ≈ 2.2) we present a typial graph of the
nal onguration of the lowest energy (see g.5). We also present the plot of
the energy of the system vs. the radius of the toroidal objet whih reveals the
instability of the system as there is no non-trivial minimum (see g.8).
From the results, we an point out a few things. Firstly, the greater the
value of e we use, the stronger the superurrent beomes. Seondly, the greater
the value of e we use, the lower the radius a where the superurrent quenhes
(g.6). These are expeted as the inrease of e makes the ondition of eq.9
stronger, something whih means that the mass of the photon inreases and
the penetration depth dereases at the same time. It is also reasonable that
a stronger urrent an defend the defet, against the magneti eld, a little
longer. Another observation is that as the dierene g1 − g2 dereases, that is to
say, as g2 inreases and beomes lose to g1, we see that the maximum urrent
inreases and the quenhing takes plae again at lower a (g.7). This is expeted
as one an see from the potential (eq.5) of the energy funtional, beause the
8
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Figure 4: A typial plot of the initial guess we use for the ve elds for the lowest
winding state M = 1, N = 1 on the z = 0 plane.
stronger the oupling g2 is, the more important the relevant term g2(P
2− u2)2/4
beomes. The latter has as a onsequene, the inrease of Pmax whih ounterats
the eets from the inreasing g2 oupling.
The parameter spae where we searhed, starts from g1 = 4 (mφ = 2). In
order to searh the model, we reahed values around g1 = 30 (mφ ≈ 5.48) over
whih, e has to be very large in order to respet the ondition (9). There is also
the fat that great values of e in general is an unwanted feature sine we use
semilassial approah. As it onerns the other ouplings we have g3 = g1 and
g2 = g1 − k with 0.5 ≤ k ≤ 8, (u = 1).
4 Explanation onerning the instability of the vortex ring
From the ondition in eq.9, it is understood that we are enfored to lower g1
as muh as possible and/or inrease e. But these steps are not as easy as they
might look. There are some limits. The lower bound on the value of g1 has a
reasonable explanation. For low values of g1, the oupling g2 is also low (beause
g1 > g2u
4
). Now, when g2 is small enough, the hanges on the term g2(P
2−u2)2/4
are unimportant for the energy, in omparison to the term (∂ρP )
2
. In that ase,
the lowering of the last term minimizes the energy, something whih means that
P → 0. Indeed, this is omputationally observed. There is also a lower limit on e
whih is reasonable beause the lowering of e results to an inreasing penetration
depth.
We searhed for stable objets for values over these limits desribed above.
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Figure 5: Typial plot of the nal onguration of elds on the z = 0 plane. Parameters
are M = 1, N = 1, e = 5, q = mW = 2, g1 = 14, mφ =
√
g1 = 3.74, g2 = 12, g3 = 14,
u = 1, mψ =
√
(g3 − g2u2)/2 = 1, v1 = 7.5 · 10−3. Energy E = 0.72 and virial is
1.5 · 10−3.
The omputational results are exhibited in gs.6-8 and as we see, these objets are
unstable. We argue that the explanation for the instability is urrent quenhing
and that, only for high values of e. For values of e, of the order of 1, we have,
aording to eq.9, that the penetration depth is muh bigger than the string
thikness thus, stability is out of the question. The latter is also omputationally
observed.
Now, we base our aspet about quenhing on qualitative as well as quantitative
arguments. We observe that as the torus shrinks, the superurrent suddenly drops
to zero whih signals the destrution of the defet. Just before the sharp drop, we
notie that the superurrent rises with inreasing rate. This must be due to the
resistane the torus meets from the magneti lines as it shrinks. One an observe
that as the superurrent inreases and the ondition of eq.9 is satised at the
same time (i.e. see dashed and dotted line of g.6), suddendly the urrent is lost.
This an be explained only through urrent quenhing. The above phenomenon is
not observed when eq.9 is not satised (i.e. see dotted line of g.7). There, as the
magneti lines penetrate the ring, they meet almost no resistane sine λ is muh
greater than rφ. Another observation whih supports our quenhing argument is
that, rough estimations on the maximum urrent a string an sustain, lead us to
the following formula (see p.129 of [11℄) whih makes a small overestimation in
order to have an upper limit:
Iψmax <
√
σeu (13)
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Figure 6: The top graph is the energy vs. the torus radius E(a). The middle graph is
the superurrent Iψ vs. a. On that graph one an learly see urrent quenhing. The
bottom graph is the quantity e2P 2max vs. a (or mA vs. a) where one an see the area
in whih the ondition of eq.9 holds (lines over the g1-limit line). The resistane from
the magneti eld an be seen as a sharp inrease on the superurrent. Dotted lines
are for e = 6, dashed for e = 8 while dashed and dotted for e = 10. All plots are for
(M,N, u, g1, g2, g3)=(1, 1, 1, 14, 12.5, 14).
where σ ≡ ∫ ∫ dρdz P 2. In gs.6-7, the maximum value of the superurrent
is lose to the limit of the estimation of eq.13. The table below gathers the esti-
mated Iψest. (aording to eq.13) and the omputed maximum superurrent (Iψcom.)
for the parameters of these gures.
e g1 g2 g3 Iψest. Iψcom.
6 14 12.5 14 4.6 4.3
6 14 13 14 5.2 5.0
8 14 12.5 14 6.7 6.4
10 14 12.5 14 8.0 7.2
Finally, one an make an estimation of the value of the superurrent whih
would stabilize the ring, namely Iψstab.. This an be done as follows. As ex-
plained in the introdution, there is the tension of the string whih shrinks
the loop and the magneti eld whih opposes this tendeny. When the ring
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Figure 7: The top graph is the energy vs. the torus radius E(a). The middle graph is
the superurrent Iψ vs. a. On that graph one an learly see urrent quenhing. The
bottom graph is the quantity e2P 2max vs. a (or mA vs. a) where one an see the area
in whih the ondition of eq.9 holds (lines over the g1-limit line). The resistane from
the magneti eld an be seen as a sharp inrease on the superurrent. Dotted lines are
for g2 = 12, dashed for g2 = 12.5 while dashed and dotted for g2 = 13. All plots are for
(M,N, u, e, g1, g3)=(1, 1, 1, 6, 14, 14).
is stabilized we have Etension = Emagnetic. Here, Etension ∼ 1 and Emagnetic =
2πv1
∫
ρdρ
∫
dz(B2A/2). Without any alulation, one an point out that, sine
the total energy in the quenhing radius is below Etension = 1, then the Emagnetic
whih is a fration of it, would be even smaller. Reall thatBA ∝ Iψ, whih means
that we need a Iψstab. whih is well above the maximum urrent we an have inside
the defet. Calulations of the magneti energy are in agreement with the above
observation and plae its value around Emagnetic ∼ 5 · 10−3 << Etension ∼ 1. This
translates to the following onlusion: Iψstab. & 10 · Iψest..
Thus, we nd out that the urrent needed for stabilization, is at least ten
times bigger than the value of the maximum urrent our string an sustain. We
also observe that our omputational maximum urrent values are lose to the
theoretial estimations about quenhing. This means, that we will have urrent
quenhing as an obstale towards stabilization, sine the superurrent will not
be enough in order to reate the magneti eld needed.
12
0.5 1 1.5 2 2.5 3
0
0.5
1
1.5
E(α)
Figure 8: The plot of the energy of the system vs. the radius of the torus for four dier-
ent sets of parameters. Dotted is for (g1, g2, g3)=(14, 12.5, 14), dashed is for (18, 15, 18),
dashed and dotted is for (25, 20, 25) while dashed with two dots is for (30, 24, 30). For
all data sets we have (e,M,N, u)=(10, 1, 1, 1). As one an observe, there exists no
minimum.
5 Conlusions
Future experiments on LHC ould answer whether metastable partile-like soli-
tons exist in MSSM or 2HSM or not. On [3℄ there is a searh for spherially
symmetri solitons in the frame of the 2HSM but with a simplied potential.
Here we searh for axially symmetri solitons whih, if stable, will have a mass of
few TeV [2℄. We onsidered the U(1)A×U(1)W model, where the existene of the
vortex is ensured, for topologial reasons. There, we searhed for stable toroidal
strings. We present and analyse our observations. This paper tries to answer to
expetations having to do with observations of stable axially symmetri solitons
whih would be possible to detet in later experiments of LHC. For relatively
small values of e (∼ 1), the system seems to have no stable vortex rings. In fat,
this instability is present even in other parameter areas where we searhed (i.e.
e ≥ 6 see gs.6,7). We explain why we believe that the main reason of instability
is urrent quenhing.
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